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Large N vector quantum mechanics 
and bubbling supertube solutions 

Yosuke Imamura*) 

Department of Physics, University of Tokyo, Tokyo 113-0033, Japan 

We propose a large N vector quantum mechanics as the theory describing a D-particle 
probe in bubbling supertube solutions. We compute the effective action of this quantum 
mechanics and show that it coincides with the D-particle action in a certain decoupling 
limit, up to quadratic order in the velocity. The angular momentum of the D-particle, 
including the contribution of the Poynting vector, is reproduced as the vacuum expectation 
value of the SU(2 )_r current. 


§1. Introduction 

Recently, many BPS solutions in various supergravity theories have been con¬ 
structed for the purpose of obtaining new examples of AdS/CFT correspondence. 
Lin, Lunin and Maldacena 1 ) constructed a large class of smooth solutions to type 
IIB supergravity and M-theory, which are called bubbling solutions. Each of them 
is characterized by a two-dimensional plane consisting of black and white regions, 
which is called a ‘droplet.’ In the type IIB case, these solutions are dual to a free 
fermion system, which describes the dynamics of the BPS sector of N=4 Yang-Mills 
theory in S 3 . 1 ) -15 ) We can identify the droplet with the phase space structure of the 
fermion system. The M-theory bubbling solutions are constructed in Refs. 1) and 
16), and it is shown that they are related to BPS sectors of several different gauge 
theories. Bubbling solutions in M-theory are also studied in Refs. 17)-19). Different 
droplets with the same asymptotic forms give different classical supergravity solu¬ 
tions with the same boundary conditions. The existence of many smooth solutions 
sharing the same asymptotic behavior sheds new light on the black hole information 
problem. 20 -* Some generalizations of bubbling solutions are given in Refs. 21)-25). 

Another major advance in the study of black holes is represented by the the¬ 
oretical discovery of black rings. 26 ) They are classical solutions in five-dimensional 
gravity with horizons of topology S 2 x S 1 . These solutions are important, because 
they constitute counterexamples to the conjecture of black hole uniqueness. Black 
rings were soon generalized to supersymmetric ones. 27 ) -29 ) More general 1/2 BPS so¬ 
lutions in J\f = 1 five-dimensional supergravity, which include supersymmetric black 
rings as special cases, were subsequently constructed in Refs. 30) and 31). 

Based on these results, a new kind of bubbling solution, which resolves the sin¬ 
gularity of the black ring solutions, is proposed in Refs. 32) and 33). In Ref. 32) the 
solutions are called “bubbling supertube solutions”. Bubbling supertube solutions 
are the subject of this paper. Before explaining them, we need to understand the 
structure of the solutions constructed in Refs. 30) and 31). 
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Let us consider 5-dimensional J\f = 1 supergravity with n v U(l) vector multi- 
plets. The metric of the general 1/2 BPS solution has the form 

ds\ = --^{dt + k) 2 + Z ds\, (1-1) 

where ds 2 is a four-dimensional hyper Kahler base manifold. When the base manifold 
is of Gibbons-Hawking (GH) type, the solution can be explicitly represented by 
2 n v + 4 harmonic functions. 34 ' In this paper, we consider only the n v = 2 case with 
the specific Chern-Simons coefficient Cijk = \^ijk\- This theory is obtained by T 6 
compactification and an appropriate truncation of M-theory. The GH metric of the 
base manifold is determined by one of these harmonic functions, which is referred to 
as V in Refs. 34) and 32) and in this paper, and is given by 

dsz = yid-i/j + A ) 2 + Vdy 2 . (1-2) 

The differential A is the magnetic dual of the function V satisfying dA = *dV, where 
* is the Hodge dual in the flat 3-dimensional space parameterized by y = (?/i, 2/2 ? 2/3) - 
For concreteness, we choose the function V for an n-center solution as 


V = H 0 + 

i— 1 


Nj 

4vr| y- yi\' 


(1-3) 


When we deal with a metric in the form o, we ordinarily assume that all the 
coefficients Ni/Ai r and the constant part Vo are non-negative in order to guarantee 
the positive definiteness of the hyper Kahler metric ( 11 - 211 . In Refs. 32) and 33), 
however, it is shown that this restriction is in fact not necessary for the solution in 
Refs. 30) and 31). We may choose any harmonic function V of the form (11-311 as 
long as the coefficients of the poles are appropriately quantized. 

Using such generalized GH base spaces, smooth solutions that resolve the sin¬ 
gularities of supertube solutions are constructed in Refs. 32) and 33). In this paper, 
we call them ‘bubbling supertube solutions’, following Ref. 32). In these solutions, 
each supertube singularity in the original solutions is replaced by a pair of GH 
centers. Because of the NUT-charge conservation law, both positive and negative 
NUT charges are needed to construct resolved solutions, and for this reason, the 
harmonic function V inevitably takes positive and negative values depending on the 
coordinates. Despite the superficial singularity on the submanifold V = 0, actually 
there are no singularities in either the metric or the gauge fields if other harmonic 
functions are chosen appropriately. Instead, the submanifold V = 0 turns out to 
be ergospheres 33 ) on which the world line of a stationary point particle is light-like. 
(We admit orbifold singularities at centers, because they are not singular in string 
theory and are harmless.) 

By treating the coordinate ijj in as the 11-th coordinate, these solutions 
can be regarded as classical solutions in J\f = 2 four-dimensional supergravity, which 
is the T 6 compactification of type IIA string theory with a certain truncation. From 
this point of view, BPS particles in uncompactified four-dimensional spacetime can 
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be regarded as D-branes wrapped on different holomorphic cycles in the T b . Such 
four-dimensional solutions has been constructed by Denef et al. 35 ) -37 ) independently 
of the five-dimensional solutions. The relation between four-dimensional solutions 
and five-dimensional solutions is discussed in Ref. 39). 

The distinguishing properties of the bubbling supertube solutions (or corre¬ 
sponding four-dimensional solutions) is that the particles*! in a system interact with 
one another through a non-trivial potential and form bound states. In a static 
bound state, the positions of particles are restricted by the so-called “bubble equa¬ 
tion”. 32 )’ 33 ) Because the particles in this system are D-branes wrapped on internal 
cycles, it is naturally conjectured that the bound states can be studied by computing 
the potential energy with boundary states by using the relation V f dt(B\e~ tL °\B). 
This, however, is not the case, because this computation takes account of only the lin¬ 
ear part of the gravitational interaction and gives just a Newtonian potential. There 
is a well-known theorem (Ernshaw’s theorem) which states that particles interacting 
through a Newtonian potential cannot form static stable bound states. This implies 
that the non-linear nature of gravity plays an important role in the formation of 
bound states. 

The purpose of this paper is to seek a quantum mechanics that describes the 
dynamics of these particles. Unfortunately, we have not succeeded in constructing 
such a quantum mechanics for an entire system of bound particles. In this paper, 
we focus on one of the particles in the system and construct a quantum mechanics 
describing this particle. We treat the particle that we chose as a probe and the other 
particles as the background. Furthermore, we assume that the probe particle carries 
only D-particle charge for simplicity. 

If a D-particle is placed at a generic point in a bubbling supertube solution, it will 
be caused to move by gravitational and RR forces. There are, however, loci on which 
D-particle can remain still. These stability loci are in fact the ergospheres mentioned 
above. 33 ! The existence of such stability loci enables us to consider the theory on a 
probe D-particle in the backgrounds. As mentioned above, the non-linear nature of 
gravity is essential for the existence of D-particle stability loci. From the viewpoint 
of quantum mechanics, this implies that the 1-loop effect, which corresponds to the 
string cylinder amplitude and the exchange of free gravitons, is not sufficient to 
explain the stability of the D-particle. Actually, we show that the two-loop quantum 
correction plays an important role in the emergence of stable vacua. 

The rest of this paper is organized as follows. 

In the next section, we study the action of a D-particle in bubbling supertube 
solutions. We first restrict our attention to a special class of solutions in which 
the function V has only one positive pole and the other seven harmonic functions 
are constant. Although these solutions cannot be regarded as a resolved version 
of any singular solution, because of the absence of negative poles in V, they have 
the distinguishing feature of bubbling supertube solutions that the function V takes 
both positive and negative values if the constant part is negative. 


*! Here we use the term “particles” in the four-dimensional sense. From the viewpoint of five¬ 
dimensional spacetime, it means two different kinds of objects: CG centers and rings. 
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This special solution is actually the supergravity description of coincident D 6 - 
branes in a constant R-field background. By quantizing open strings, we obtain 
supersymmetric U(l) gauge theory with N chiral multiplets, where N denotes the 
number of D 6 -branes. When N is large, the quantum mechanics becomes large N 
vector quantum mechanics. In m we find nice agreement between the D-particle 
action and the effective action of this quantum mechanics in a certain decoupling 
limit. We also find that the angular momentum of fluxes induced by the probe is 
reproduced as a quantum correction to the SU(2)ij current. 

In 21 we investigate the generalization to multicenter solutions which include 
both positive and negative GH centers. We propose a quantum mechanics which 
reproduces the D-particle action as the effective action. Finally, we conclude in 

We use the following conventions in this paper. 

. 2 t to ' 1 / 2 = 1 is chosen to be our unit of length. With this convention, the string 
tension is 27r, and the mass and the charge of a D-particle are 2n/g s t r and 2ir, 
respectively. 

• We normalize gauge fields in such a way that fluxes obtained by integration 
over closed surfaces are quantized as integers. 

• The period of the S 1 coordinate on the GH base space is 1. In this case, 
NUT charges W in E3 must be integers. 

Note Added: 

After submitting this paper to the arXiv, I was informed of Ref. 38), in which 
a quantum mechanical description for BPS black hole bound states in J\T = 2 su¬ 
pergravity is studied. In particular, the coincidence of the quantum moduli-space of 
the quantum mechanical system and the stability loci for particles in supergravity 
classical solutions is demonstrated there for sets of charged particles that are more 
general than those we consider in this paper. In this paper, we show that not only 
the stability loci but also the D-particle potential in a specific class of solutions is re¬ 
produced as the effective potential of the quantum mechanics in a certain decoupling 
limit. 


§2. D-particle probe in bubbling supertube solutions 

2.1. 1/2 BPS solutions 

The most general 1/2 BPS solutions in 5-dimensional Af =1 supergravity with 
GH base spaces are constructed in Ref. 34). They are described with eight harmonic 
functions, V, K 1 , L/, M, associated with the NUT charge, three M5 charges, three 
M2 charges, and the KK momentum, respectively. It is convenient for our purposes 
to rewrite the solutions in terms of type IIA string language. The 11-dimensional 
metric dsh and the 3-form potential A 3 are related to the string metric ds 2 0 , the 
dilaton <f>, the NS 2-form B 2 , the RR 1-form C\ and the RR 3-form C 3 as 


ds 2 n =e-W 3 ^ds 2 10 + eW 3 ^(diP + C 1 ) 2 , A 3 = C 3 + B 2 A(d^ + C 1 ). ( 2 - 1 ) 
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According to these relations, the solutions in Ref. 34) can be rewritten as 


ds 2 10 




C 3 


B 2 


1 3 [Q 

+ w ) 2 + \Z~Qdy 2 + ^ -^jy{dz2i^i + dz^i), 
A -+ cj), 


E 


V 

Q 




(dt + uj) + ^ 


A dz 2 I- 1 A ^27, 



Q 3 / 4 

(ZV) 3/2 ’ 



dZ2I-l A cfa 2 7, 


( 2 - 2 ) 

(2-3) 

(2-4) 

(2-5) 

(2-6) 


where ^ denotes coordinates in T 6 . The quantities Z/, p and Q are rational func¬ 
tions of the harmonic functions defined by 


Zl = Ll A-c, JK ?Lf I, 


2 R 

Q = Z 3 V-p 2 V 2 , 


V 2 


(2-7) 

( 2 - 8 ) 

(2-9) 


and Z is the geometric average Z = (Z\Z 2 Z 3 y^ 3 . The differentials uj and ^ are 
obtained by solving certain linear differential equations. 32 )~ 34 ) 

For simplicity, let us first consider solutions in which the harmonic function V 
has only one positive pole and the other harmonic functions are constant. We study 
general solutions in 0 The constant M must be zero for the solution to be regular. 
To fix the other constants, K 1 and Lj, we impose the boundary conditions 


lim <3 = 1, lim VZj = < 7 1 ^ 3 , 

r—>00 r—>00 


( 2 - 10 ) 


where r = \y\. These two imply that the four-dimensional part of the metric becomes 
flat Minkowski, —dt 2 + dy 2 , and goes to g s t r at infinity. The following choice of 
the harmonic functions satisfies these conditions: 


v -^, + 


( 2 - 11 ) 


1/3 / 1 

7 _ „-V 3 fc7 r.-dst ,L ( 1 _ -Cij K k J k K 

VQ V 2 


K = 9s tr k , u = 
where uq and k 1 are parameters satisfying 


M = 0, 


( 2 - 12 ) 


1 


Vq = 1 - ~{ki + k 2 + k 3 - kik 2 k 3 y. 


(2-13) 












6 


Yosuke Imamura 


With this choice of the functions, the asymptotic form of the metric is 

ds\ 0 {r -> oo) = - dt 2 + df + gll^dzf. (2-14) 


We assume that the size of the T b , which is determined by the periods of the co¬ 
ordinates Zk, is much larger than the string scale, in order to make the wrapped 
D6-branes, which we treat as a static background, sufficiently heavy. 

In fact, the harmonic functions (THT1) and (Hill1) give the supergravity descrip¬ 
tion of N coincident D6-branes in a constant LLfield. The asymptotic value of the 
-B-field is 

3 

B 2 {r —> oo) = — ^ 6/e 27-1 A e 2/ , (2-15) 

i=i 


where e k = dz^ is the vielbein in the T 6 , 
to vq and kj as 

bi = — (h + k 2 + k 3 
2v 0 


and the three parameters bj are related 
— k\k 2 k 3 — 2 ki). (2T6) 


In order to make the definition of the parameter b] unambiguous, we have to specify 
the gauge choice for B 2 . One way to do this is to specify the gauge field F 2 on the 
D6-branes. In the five-dimensional solutions we can define the gauge field on the 
D6-branes by the coupling with an M2-brane wrapped on a non-compact 2-cycle, 
and we can show that F 2 = 0 for the classical solution given by dEEU) and (Em 
The relations arm and jUSD are solved with respect to fc/ and vq to give the 
solution 


vq = sin£, kj 


cos (/3j + Q 
cos /3 1 


(2-17) 


where the angles /3j and ^ are defined by 


Pi = tan 1 b I , k, = ^ - fh ~ fh ~ fh- (2-18) 


For definiteness, we assume 0 < Pi < 7r/2. 

2.2. D-particle in the background 

Let us expand the D-particle effective action in bubbling supertube solutions as 


Ldo — L 0 + Li + L 2 + ■■ ■ , (2T9) 

where the subscripts represent the power of the velocity ij l in each term. By substi¬ 
tuting this solution into the DBI and CS actions, we obtain 


— Ldo = L 0 = —27r 


V~9tt 


+ C t ) = 


2-kV 1 


& J + V 2 g 

L\ = -2irCii/ 1 = -2-KAiij\ 

L 2 = 2t r 9i }. - y*# = v{VZf/ 2 \y m \ 2 . 

2e‘Py/-g tt 


( 2 - 20 ) 

( 2 - 21 ) 

( 2 - 22 ) 
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Let us consider the potential term Vdo = ~Lq first. Because VZ and V 2 p are 
positive and regular for regular solutions, the minima of this potential are given by 
V = 0. From the viewpoint of M-theory, the condition V = 0 gives ergospheres, 
which are defined as submanifolds on which the world-line of a stationary point par¬ 
ticle is light-like. This can be easily confirmed by considering the eleven-dimensional 
line element for a stationary particle, 

*11 = -^ <2/3) *U + e< 4 ' 3 »(CWt) 2 = -Trft 2 = (2-23) 

Because {VZ) 2 is positive definite and finite, ergospheres are given by V = 0. 

For simplicity, let us restrict our attention to single-center solutions described by 
the harmonic functions (HHD and The potential Vdo for these single-center 

solutions depends on the parameters g str , N and /3j, and the radial coordinate r. It 
is invariant under the replacement ( r,N ) —► {ar,aN). Under another replacement 
{Sstr jIV) (ag str , ot~ 1 N), the potential is rescaled as Vdo —► ci! _1 Vdo- These two 
facts partially determine the functional form of the potential as 

Vbo = (2-24) 

5str \ r J 

The potential Vdo depends on the three angles /3j through the four parameters vq 
and kj, which are related to each other as in If this constraint were absent 

and vq and kj were four independent parameters, the potential would be rescaled as 
Vdo ~ 1> «Vdo through the replacement (vQ,g str ) —> (av o, ag stT ). This implies that the 
potential can be written in the form 

Vbo = — 0 (p,fcj( u o, Pi')), P= — ~lxr * (2-25) 

ffstr 9strN 

Instead of the three angles (/ = 1, 2,3), we choose vq = sin£ and /3j> (/' = 1, 2) as 
the three independent variables. In the next section, we compare this potential with 
the effective potential of a certain supersymmetric quantum mechanics. We deter¬ 
mine the relation between the parameters g^tr, N and vq and a coupling constant, 
the number of chiral multiplets, and FI parameter, respectively. However, there are 
no quantities that correspond to the [3p. We decouple these unwanted parameters by 
taking the small £ limit as follows. (It may be possible to introduce extra parameters 
corresponding to f3p in our quantum mechanics. However, we do not discuss this 
possibility here.) Let us expand the function g in with respect to vq as 

OO 

g{Pi kr{vo, Pi')) = ^gn(p,Pi')v o- (2-26) 

71=0 

Because the derivative of kj with respect to /?/ produces an extra factor of vq, 

dkj Vq 

d/3i cos 2 /3j ’ 


(2-27) 
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the f3p dependent terms in g have at least one factor of vo, and the leading term, go, 
on the right-hand side of is independent of f3i>. In this paper, we focus only 

on the leading term, go, i n the no expansion. In other words, we take the following 
small £ limit in order to decouple the unwanted parameters /?//: 

VoT 

vq = sin £ —> 0 , with p =-— fixed. (2-28) 


In this limit, both the terms \JV 3 Z 3 and V 2 g in the denominator of the right-hand 
side of CEZB approach l/g str , and the leading term of the D-particle potential in the 
£ expansion is 


FdoM 


^TTffstr y2 = 2n ft , N 9s tr \ 2 

2 2 g str V 47rr ) 


(2-29) 


Let us take the same limit for the velocity dependent terms L\ and The term 
L\ is linear in the velocity, and it represents the Lorentz force due to the background 
RR 1-form potential. Ai in is the vector potential for a monopole in the y 

space. The monopole is located at y = 0, and its charge is N. This term is, in a 
sense, topological, and its form does not change in the limit The coefficient 

(RZ ) 3 / 2 of the kinetic term L 2 in becomes the constant l/g s ti in the small £ 

limit. 

Summing Lq, Li and L 2 , we obtain the D-particle effective Lagrangian in the 
small £ limit, 

Too = ^W\ 2 ~ 2vr Atf - (2-30) 

Z.9 s tr Z 

up to 0(y 3 ). 


§3. Large N vector quantum mechanics 


3.1. Lagrangian 

To obtain the theory on a D-particle probe, we treat a classical solution as a 
D-brane system consisting of background D 6 -branes and a probe D-particle in a 
constant R-field, and quantize open strings in it. This D0-D6 system becomes BPS 
when £ = O. 40 ^ 44 ^ 

Let us assume that N D 6 -branes are located at the center, y = 0 in the transverse 
space. One U(l) vector multiplet and three neutral chiral multiplets arise in DO-DO 
string modes. The vector multiplet V consists of a (non-dynamical) gauge field, A t , 
three scalar fields, a = ( 01 , 02 , 03 ), and a two-component fermion, y. We ignore 
the neutral chiral multiplets, because they decouple in the U(l) case. As the lowest 
modes in D0-D6 strings, N charged chiral multiplets <L a (a = 1,..., N) arise. Let cj) a 
and ift a denote the complex bosons and two-component fermions in <L a . These fields 
carry the same U(l) charges, +1. Their masses, obtained through the quantization 
of open strings, are 41 )’ 43 )’ 44 ) 


m 2 = (27t?’) 2 , ml = 27r£ + (27rr) 2 , 


(3-1) 
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where r is the distance between the D-particle and the D 6 -branes. These masses 
become equal on the supersymmetric locus £ = 0 in the parameter space. 

The tree-level Lagrangian for these multiplets, which is obtained through the 
dimensional reduction of the four-dimensional Af = 1 Lagrangian, is 

N 


L+rp.p — 


1 

fl'qm 

1 

Sqm 


d 2 0W 2 + c.c\ + J d 4 d(V + J d A 6$* a e v <L> 0 

' a.= 1 J 


7 j{d t a) 2 + x ] dtx~ \d 2 
N 


+ ^2 {\ D ^\ 2 ~ 10 a1 2 + V’aAV’o 


a =1 


■ d^ a + 0+X0a + 4>aX 


(3-2) 


where a = (a x , cr y , a z ) are the Pauli matrices, and D is the auxiliary field in the 
vector multiplet. The equation of motion for the auxiliary field has already been 
solved in the right-most expression in (EH), and D in EH) is given by 

N 

D = C + ^|0a| 2 . (3-3) 

OL— 1 

The Lagrangian eh is invariant with respect to an SU(2 )jj transforming a, %, 
and i/j a as 3, 2, and 2, respectively. There is no superpotential because all the chiral 
multiplets carry the same charge. The classical masses of the bosons (j) a and fermions 
i\) a read off from the Lagrangian are 

ml = |a| 2 , m 2 j> = \a\ 2 + Q. (3-4) 

The relation between the coupling constants g qm and g str is determined by comparing 
the DBI action of the D-particle and the kinetic term in EH- We also obtain other 
relations from comparison of EH) and EH- Specifically, we have 

3qm = 2vr 5str, a = 2vry, C = 2 tt£, (3-5) 

where y is the position of the probe D-particle. 

The classical supersymmetric vacuum conditions are 


3\4>a\ =0, D = 0. 


(3-6) 


When £ < 0, the chiral multiplets acquire the non-vanishing vacuum expectation 
value \4> a \ = y/|C[, and we have a = 0. Because the overall phase of cj) a is a gauge 
degree of freedom, the moduli space is CP iV_1 . When ( = 0, all the (f> a must be 
zero, and the moduli space is R 3 parameterized by a. When £ > 0, there is no 
supersymmetric vacuum. 

The quantum mechanics represented by the Lagrangian in EH was first sug¬ 
gested in Ref. 43) in connection to the D0-D6 system, and the relation between 
its classical vacuum structure and the behavior of D0-D6 system was also discussed 
in Ref. 43). In what follows, we see that quantum corrections in our quantum 
mechanics reproduce the action of a D-particle in the supergravity solutions. 
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3.2. One-loop and two-loop corrections 


In order to demonstrate the validity of the treatment of a D-particle as a probe, 
we assume that the number N of D 6 -branes is much larger than 1, the number of 
the probe D-particle, and study only the leading term of the 1/N expansion. More 
precisely, we take the following large N limit: 


N — > oo, with A = Ng 2 m fixed. (3-7) 

As is easily checked with the Feynman rules obtained from the Lagrangian cm , no 
diagrams containing a or x as internal lines appear in the leading correction of the 
1/N expansion. This implies that these fields behave like classical external fields 
in the large N limit. We define the effective action as a functional of the classical 
external fields a and x- The fermion % is set to zero in our analysis. 

Corresponding to (EH on the supergravity side, we take the small £ limit 


-Jpr —:> 0 , with 


Tpr fixed, 

CH 


(3-8) 


in addition to the large N limit given in (ETTli . As we show below, the effective 
potential is two-loop exact in this small £ limit. It is known that in the context of 
the M(atrix) theory, the leading and sub-leading potential of the D0-D6 system can 
be reproduced as l-loop 45 )~ 49 ) and two-loop 50 )’ 51 ) corrections, respectively. In this 
section, we confirm that the quantum mechanics proposed above also reproduces the 
D-particle effective action given in m 

Let us decompose the effective potential I4ff(«) into three parts Vj, ree , Vf and 1 4- 
Ftree is the tree-level potential: 

1 


Ltree(n) — n o C 


2 g? 


(3-9) 


qm 


We set 4> a = 0, because 4> a cannot acquire a non-vanishing vacuum expectation value, 
guaranteed by Coleman’s theorem. Vf represents quantum correction, including 
fermions, tp a . At leading order in the 1/A expansion of the effective action, the only 
diagram, including fermions ip a is the 1 -loop diagram which gives the contribution 


Vf{a) = -N J ^ log (£; 2 + tt-4) = ~ N + ^( lo g A - !)V ( 3 ' 


10 ) 


where A is a momentum cut off. The rest of the quantum corrections, which are 
collectively denoted by Vf,, consist of the contribution of the scalar fields 4> a . Al¬ 
though there are an infinite number of loop diagram of scalar fields 4> a , the large N 
assumption makes it quite easy to compute them. The loop momentum integrals in 
any multi-loop diagrams are factorized and are easily carried out. For example, the 
only two-loop diagram is the “ 8 ”-shaped diagram, which is essentially the square of 
a one-loop diagram. The one-loop and two-loop contributions to Vf, are given by 


/ dk ( 2 \ 

— log(> 2 + m 2 ) = N ( + -A(logA - 1)J , 

(3) = % (w/ 


b(2—loop) \ 


2 - 7 r k 2 + m 2 . 


9 2 qm N 2 

8m 2 : 


(3-11) 

(3-12) 
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Because of the supersymmetry, the divergent terms in V b n -i oop ) and Vf cancel. Sum¬ 
ming the contributions up to the two-loop order, we obtain 

N f A \ 2 

V eS (a) = V tvee (a) + V f (a ) + V b (a) = — (£ + . (3-13) 

In the small £ limit, the two-loop effective potential obtained above is exact, 
and there is no higher-loop contribution to I4ff. This is shown as follows. Because 
Vf is one-loop exact in the large N limit, the potential higher-loop contributions are 
multi-loop diagrams of the scalar fields (j) a . They depend on £ and |a| only through 
the bare scalar mass = ^/|a| 2 + £. From dimensional analysis, it is found that 
the L-loop contribution is X L /m^ L , up to a numerical constant. This is expanded 
with respect to £ as 


^b(L-loop) 



(3-14) 


where cl p in the equation represents numerical coefficients obtained in the loop 
calculation. From this expression, it is apparent that any diagrams with more than 
3 loops give terms of higher order in £/|aj 2 , which should be ignored in the small £ 
limit. Thus, the effective potential is exact in the large N, small £ limit. 

If we rewrite the effective potential (ETT3I) in terms of variables on the supergrav¬ 
ity side according to the parameter correspondence (13-51) . we find it coincides with 
the D-particle potential (12^51) . 

It is useful to note that in the large N, small £ limit, the relation 




1 

^ 9qm 


(D) 2 


(3-15) 


holds, where {D) is the vacuum expectation value of the auxiliary field (13-31) . which 
is one-loop exact in the large N, small £ limit. The following relation, somewhat 
simpler than (ETT51) , also holds: 


vVLi. 


(316) 


To this point, we have focused on the effective potential. To complete the com¬ 
parison between the D-particle action (I^T91) and the effective action of our quantum 
mechanics, let us check the coincidence of the velocity dependent terms L 2 and Li. 

The fermion one-loop correction to the two-point function takes the form = 
6ai{p)MijSaj(—p ) with 


Mu = 


Ar f dk 
—N / — tr 
./ 2 vr 


<Ji 


k + p/2 + id-o jk—p/2 + ia-a 
a?5ij — aia 


d Vf jy e ijk a k 


daidaj 


2 


p — N- 


A? 2 


4 ?7lj 


p 1 + 0{p 6 ). 


(3-17) 
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The first term here is the second derivative of —Vf (a) and is independent of p. The 
second term in lETT71l is linear in p. This term implies the existence of the parity- 
violating term in the effective action given by 


f N f _ -> 

r = J -— jeijkdidajdtSakdt = 2 -kN J da ■ A, 

where A is the monopole potential in the a space, which is given by 

x 5a, 


4-7r|a| 


(3-18) 


(3-19) 


in the vicinity of a. This reproduces the Lorentz force term L\. The appearance 
of this term in the one-loop correction is also found in Ref. 52) in the context of 
M(atrix) theory. 

The third term in dUU) yields a wave function renormalization of order A/|a| 3 . 
The loop diagrams of the scalar fields 4> a also yield wave function renormalization 
of the same order of magnitude. These corrections vanish in the small £ limit (EH), 
and the kinetic term of a is not corrected in this limit. This is consistent with the 
D-particle kinetic term with a constant coefficient appearing in CT . 

We have thus confirmed that the quantum mechanics represented by era repro¬ 
duces the D-particle action EH as the effective action. Before ending this section, 
we give one more example of the correspondence between a classical quantity in the 
supergravity and a loop correction in our quantum mechanics. Let us consider the 
SU(2)/j symmetry, which rotates the a space. It transforms the fermions x and ipa 
as doublets, and the current is 

j = (a x d t a + x t <?x + (3-20) 

9qm 

Because we treat a and x as background classical fields describing the classical motion 
of the D-particle, the first two terms just give the orbital angular momentum of the 
D-particle. In addition, the third term has a non-vanishing vacuum expectation 
value, due to the fermion one-loop correction: 

(j) = N f |^tr fa z L = N-^-. (3-21) 

J 2tt \ k + ta ■ a) |a| 

This should also be identified with the angular momentum of the probe D-particle. 
It is well known that systems consisting of mutually non-local charges can have 
non-vanishing angular momenta, due to the non-vanishing Poynting vector. In our 
case, it can be evaluated, for example, by considering the asymptotic behavior of the 
differential oj perturbed by the probe D-particle. We obtain 


J = N? 
r 


(3-22) 


and this coincides with 62B- 
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§4. Generalization to multicenter solutions 


To this point, we have only treated single center solutions and the quantum 
mechanics with N identical chiral multiplets. As demonstrated below, however, it is 
possible to generalize this quantum mechanics so that its effective action reproduces 
the D-particle effective action in arbitrary bubbling solutions. 

In the previous section, we introduced the parameters fij as those determining 
the background £>-field. There, the lower-dimensional brane charge dissolved in D6- 
branes is induced by the Chern-Simons term in the D6-brane action. This, however, 
cannot be done in general cases, in which both D6-branes and anti-D6-branes with 
different lower dimensional brane charges exist. In such cases, it is more convenient 
to regard the parameters /3j as that determining the gauge fields on D6-branes, 
not the background. For this reason, we perform a .B-field gauge transformation 
so that the asymptotic value of the £>-field vanishes. For the bubbling solutions, 
-B-field transformations amount to the following transformations of the harmonic 
functions: 32 )’ 34 ) 


K 1 — K 1 + ( J V. ; 

Li —> Li — Cjjkc j K k — -Cijkc j c k V, 


M 


M - ^c 1 Lj + ^C ijk {Vc i c j c k + 3c 1 c J K k ). 


(4-1) 


To make the asymptotic value of B 2 vanish, we should carry out this transformation 

re obtan 

Ng s tr \ 


with parameters c 1 = g^bj. Doing so, we obtain 


V = —— I sin£ + 


I< r = 


9 str 

1 

1/3 

5str 


47rr J 


1/3 


cos £, + bi 


1 


NgstA 
47rr I 


Li = 9str [^sin^ - -CijKbjbK • 

M = -if (cos« - - 


(4-2) 


In this gauge, the constant parts of the harmonic functions depend only on £, while 
the terms proportional to 1/r contain bj separately. Here, let us treat the parameters 
£ and /3j as independent. Then we regard /?/ as parameters for the D6-branes and £ 
as that for the background. The relation among £ and [3i is obtained as the 

bubble equation 32 )’ 33 ) for single center solutions. 

Because the parameters /3/ are contained only in the pole terms, the solution 
can easily be generalized to n-center solutions by superposing single-center solutions 
as follows: 


v = ^ sin ?+E 


#str 


^ 4vr| y- yi\ 
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K'- 1 


1/3 

5str 

1/3 


COS 


f , v v Ni9stI 

^ / 47 r|y-y i | 


1 


^ i=l 


M = ~^r ( cos £ - 6 * 1^63 


4vr| y- yi\ 
■A^idstr | 


i =1 


4vr|y - $| 


(4-3) 


We assign different /3] to each pole labeled by i = 1 Substituting these 

harmonic functions into the regularity condition f/,(yi) = 0 , we obtain the bubble 
equation 


sm(& - £) 

COS /3\ COS f3 2 COS /?3 




Nj Qstr 

4vr |iji - yj | 


= 0 , 


(4-4) 


where we define £j for each GH center by 

£i = 7^ — /^1 + /^2 + PI- (4-5) 

It is worth noting that the vacuum condition V = 0 is in fact a special case of the 
bubble equation. Indeed, if we use the index i = 0 for the probe D-particle, we 
obtain V = 0 as the bubble equation in the limit f3j —> 7 t/2 . 

We assume that all £,; are of the same order as £, and take the following small £ 
limit: 

£ —> 0, with fixed. (4-6) 

£ Niffetr 

In this small £ limit, the D-particle effective action is given by (EH, with V and A 
replaced by the harmonic function in (EH 1 and its magnetic dual, respectively. This 
effective Lagrangian does not depend on £*. In the small £ limit JE 1 , we can always 
tune these irrelevant parameters £* so that the bubble equation gu holds. 

Each GH center labeled by the index i in CE2> carries a NUT charge A£. This 
charge represents the number of corresponding (anti-)DG-branes. Because each ele¬ 
mentary (anti-)D 6 -brane gives one chiral multiplet with charge +1 (—1), it is more 
convenient to label them one by one when we investigate dual quantum mechanics. 
We use the index a for this labeling and write the harmonic function V as 


v = — + Y _—_, 

fetr 47 r|y — y a \ ’ 


N 


N = J2\ N i\ 


i= 1 


(4-7) 


where y a and e a = ±1 are the position and charge of each (anti-)D 6 -brane. We 
propose the quantum mechanics consisting of a U(l) vector multiplet V = (A t ,a,x) 
and N charged chiral multiplets <P a = (pen’Pa) with masses 


m a = 2iry a 


(4-8) 
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and charges e a as the theory probing the bubbling solution. The Lagrangian for this 
quantum mechanics is 


Ltrp.p. — 


7qm 


(^j d 2 8W 2 + c.c)j + J d 4 0(V + '^2j d 4 8^* Q e ea(V - 9ts ' ff6) ^ 


a 2 L2 
y qm 

N 


\{d t a) 2 + x ] d t 'x - l;D 2 


+ (l A0a| 2 - |a - m a \ 2 \(j) a \ 2 


a =1 


+e a ^ ] a a • |a - m a |^ Q + e Q ((/>+xVk* + 4>aX 


(4-9) 


where the auxiliary field D is given by 


N 

d = C + Y j ^M 2 - (4-10) 

a=1 

This Lagrangian is obtained through dimensional reduction from a four-dimensional 
J\f = 1 gauge theory. Although a non-vanishing superpotential is not forbidden by 
the gauge invariance, we simply set W = 0 here. It may be interesting to seek 
that wich on the supergravity side corresponds to turning on a superpotential in our 
quantum mechanics. 

The computation of the effective action proceed in parallel to that we did in 
the previous section. In the small £ limit (ET%1) . the wave function renormalization 
vanishes. The Lorentz force term in is reproduced by the fermion 1-loop 

diagram. In this case, each fermion with mass fh a gives a monopole at a = fh a in 
the a-space. Summing up the contributions from all the fermions, the Lorentz force 
term is reproduced. 

In order to show that the potential term in is correctly reproduced, we 

can use the relation (EEE3) instead of computing the effective potential itself. The 
expectation value ( D ), which is one-loop exact in the small ( limit, is given by 


(D) 



(4-11) 


This is identical to the harmonic function V through the parameter correspondence 
em and thus the D-particle potential is correctly reproduced. 

The angular momentum of a D-particle in a general bubbling solution is obtained 
as the vacuum expectation value of the SU(2 )r current. In general, the background 
geometry itself may have non-vanishing angular momentum. It should be noted that 
the SU(2)# current gives only the contribution of the probe, including both angular 
momentum due to the classical motion of the probe and that due to the Poynting 
vector induced by the charge of the probe. 
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§5. Conclusions 

We proposed a supersymmetric large N vector quantum mechanics as the theory 
describing a probe D-particle in bubbling supertube solutions. 

A bubbling supertube solution can be regarded as a system of D6 and anti-D6 
branes carrying lower-dimensional brane charges. This solution is parameterized by 
two parameters, g s t r and £, for the asymptotic behavior of fields and six parameters, 
/?} and y), for every (anti-)D6-brane. We computed the D-particle effective action 
in the background and showed that in the small £ limit CEi, the action does not 
depend on /?}. We can always tune these irrelevant parameters so that the bubble 
equation holds for any given positions y) of the branes. 

The quantum mechanics we propose consists of one U(l) vector multiplet and 
N charged chiral multiplets. Each chiral multiplet corresponds to one (anti-)D6- 
brane, and its U(l) charge is +1 for a D6-brane and —1 for an anti-D6-brane. The 
parameters y str , £, and y a of the bubbling supertube solution are mapped to the 
coupling constant, the Fl-parameter, and the bare masses of the chiral multiplets. 
We showed that the D-particle effective action up to quadratic order in the velocity is 
correctly reproduced as the effective action of this quantum mechanics. Stability loci 
for the probe D-particle, which are equivalent to ergospheres in the five-dimensional 
solution, correspond to the quantum moduli space of this quantum mechanics. 

We also showed that the angular momentum of the probe D-particle is cor¬ 
rectly reproduced in out quantum mechanics as the one-loop expectation value of 
the SU(2)ij charge. 
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